Abstract. In 2015, using an innovative technique, Carando, Defant and Sevilla-Peris succeeded in proving a Bohnenblust-Hille type inequality with constants of polynomial growth in m for a certain family of complex m-homogeneous polynomials. In the present paper, using a completely different approach, we prove that the constants of this inequality are uniformly bounded irrespectively of the value of m.
Introduction
The Bohnenblust-Hille inequality [3] for complex m-homogeneous polynomials asserts that there is a constant C m > 0 such that
≤ C m P for all continuous m-homogeneous polynomials P : c 0 → C of the form P (x) = |α|=m c α (P )x α . This inequality is important in many fields of Mathematics. In 2011, it has been proven in [5] that C m can be chosen with exponential growth, and this result had several important applications. In 2014 the estimates of [5] were improved in [2] and it has been shown that for any ε > 0 there is a constant κ > 0 such that
and this result was crucial to obtain the final solution to the asymptotic growth of the Bohr radius problem. In 2015, Carando, Defant and Sevilla-Peris have shown that for a particular family of m-homogeneous polynomials the constants C m could have been chosen to have polynomial growth in m. More precisely, they have proved that for polynomials whose monomials have a uniformly bounded number M of different variables, there is a Bohnenblust-Hille type inequality with a constant of polynomial growth in m. Our main result shows, by means of a completely different technique, that in fact these constants are uniformly bounded by a constant that does not depend on m.
Let K = R or C, let α = (α j ) ∞ j=1 be a sequence in N ∪ {0} and, as usual, define |α| = α j ; in this case we also denote x α := j x α j j . An m-homogeneous polynomial P : c 0 → C is denoted by
We recall that the norm of P is given by P := sup x∈Bc 0 |P (x)|. Since |α| = m, it is obvious that only a finite number of α j are non null and we define In [4] it was proved that
P for all continuous m-homogeneous polynomials P : c 0 → C, being stressed by the authors of [4] the polynomial growth (in m) of the constants -this was a very nice property having in mind that in general the best known estimates had just a subexponential growth (in m). Our main result shows that the optimal constants of (1) 
for all continuous m-homogeneous polynomials P : c 0 → C.
The proof of Theorem 1.1
The main result of [1] asserts that if 1 ≤ k ≤ m and n 1 , . . . , n k ≥ 1 are positive integers such that
k+1 is optimal. In [1] it is also proved that
where C K k is the optimal constant of the k-linear Bohnenblust-Hille inequality. From [2] we know that there are positive constants β 1 , β 2 such that
where γ is the Euler-Mascheroni constant. From now on C K k will be just denoted by C k . LetP be the symmetric m-linear form associated to P . Let
It is simple to verify that (an argument of symmetry provides even sharper estimates but, surprisingly, this rough estimate is enough for our purposes)
|P (e
If ⌊x⌋ := max{n ∈ N : n ≤ x} it is a simple exercise to verify that
By (5), since
where in the last inequality we have used (2) and (3). Note also that
The above estimate holds for complex and real scalars. Since now we are just dealing with complex scalars, by the Maximum Modulus Principle, we have
by a corollary of the Hölder inequality, we have Using the Stirling Formula we can prove that By (7) and (6) we conclude that there is a constant ζ M > 0 such that
